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Abstract. We find a formula for the L 2 signature of a (p, q) torus knot, which is the integral of 
the cj-signatures over the unit circle. We then apply this to a theorem of Cochran-Orr-Teichner to 
prove that the n-twisted doubles of the unknot, n / 0, 2, are not slice. This is a new proof of the 
result first proved by Casson and Gordon. 



Note. It has been drawn to my attention that the main theorem of this paper, Theorem 3.3, was 
first proved in 1993 by Robion Kir by and Paul Melvin [KM94] using essentially the same method 
presented here. The theorem has also recently been reproved using different techniques by Maciej 
Borodzik [Bor09j. Despite the duplication of effort, I hope that readers will enjoy the exposition 
given here and the new corollaries which follow. 

1. Introduction 

Before we give any definitions of signatures or slice knots, let us first motivate the subject with a 
simple but difficult problem in number theory. Suppose that you are given two coprime integers, p 
and q, together with another (positive) integer n which is neither a multiple of p nor of q. Write 

n = ap + bq, a,b £ Z, < a < q. 

Now we ask the question: 

"Is b positive or negative?" 
Clearly, given any particular p and q, the answer is easy to work out, so the question is whether 
there is an (explicit) formula which could anticipate the answer. Let us define 

1 if b > 0, 
-1 iffe<0 



j(n) 

and let us study the sum 



i=i 

as n varies between 1 and pq — 1. It would not be an unreasonable first guess to suggest that j(n) 
is —1 for the first |_^J values of n, and +1 for the other half of the values. Indeed, this is true 



when p = 2 (see the nice 'V shape in Figure 1(a) ). But if we investigate other values of p and q 
then strange 'wiggles' in the graph of s start appearing (see Figures l(b)| 1(c) | and l(d)| ). 
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(c) p = 5, q = 24 (d) p = 7, q = 16 

Figure 1. Graphs of 2s for various values of p and q. 

It turns out that the clue to finding the pattern is to realise that the function j is the jump function 
of the w-signature of a (p, q) torus knot. What does this mean? A torus knot T Pi(? is a knot which 
lives on the boundary of a torus, wrapping p times around the meridian and q times around the 
longitude. (If p and q are not coprime then T Pj? is a link rather than a knot.) Given a non-singular 
Seifert matrix V for T p ^ q and a unit complex number to, the u-signature a w is the sum of the signs 
of the eigenvalues of the hermitian matrix 



(1 -uj)V + (1 -UJ)V T . 
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This is independent of the choice of Seifert matrix. The w-signature is an integer-valued function 
that is continuous (and therefore constant) everywhere except at the unit roots of the Alexander 
polynomial Ap q (t) = det(V — tV T ). At these points, the signature 'jumps', with the value of the 
jump at ui = e 2mn /pi being given by 2j(n). 

The w-signature has proved to be useful in a variety of areas of mathematics; see Stoimenow's 
paper [Sto05| to get a comprehensive list, including applications to unknotting numbers of knots, 
Vassiliev invariants and algebraic functions on projective spaces. The jump function in particular 
appears to be related to the Jones polynomial [Gar03j . But the most important use for signatures 
is in the study of knot concordance. 

A slice knot is one which is the boundary of a locally flat disc D 2 embedded into D 4 . We define 
the concordance group C to be the set of all knots S 1 > S s under the equivalence relation ~, 
where K\ ~ K2 if -f^2# — K\ is slice. Here # means connect sum and —K\ is the mirror image 
of K\ with the reverse orientation. The structure of C remains a mystery, but recently Cochran, 
Orr and Teichner |COT03| having been probing its secrets using the techniques of L 2 signatures. 
Amazingly, it turns out that a special case of these L 2 signatures turns out to be the integral of 
the w-signatures over the unit circle. 

Even more amazingly, it turns out that despite the u;-signatures being fairly unpredictable for a 
torus knot, the integral of the w-signatures has the following beautiful formula. 



Theorem |3.3 Let p and q be coprime positive integers. Then the integral of the w-signatures of 



the (p, q) torus knot is 

(p-l)(p + l)(g -!)(</+!) 



3pq 



In this paper we prove Theorem 3.3, the reason for which is that the result can be combined with a 
theorem in [COT03J to recover the old Casson-Gordon theorem that the twist knots are not slice. 
The hope is that the techniques here may prove useful in investigating signatures of other families 
of knots and in proving more general theorems about the structure of the concordance group. 

Structure of paper. In Section 2 we give the definitions of the signatures and the associated 
jump functions we will be using. Section 3 contains an analysis of the jump function of torus knots 
followed by the main result of the paper. In Section 4 we apply this to the question of sliceness of 
twist knots and twisted doubles. 



2. Signatures and jump functions 

Let K be a knot, V be a Seifert matrix for K of size 2g x 2g and w be a unit complex number. 
The notation ~ denotes complex conjugation, whilst T means matrix transposition. 

We would like to define the w-signature to be the signature of P := (1 — u)V + (1 — co)V T . However, 
notice that P = (1 - w)(V - ujV t ) and detP = (1 - w) 2 »A x (w) where A K (t) := det(V - tV T ) is 
the Alexander polynomial of K. This means that P becomes degenerate at the unit roots of the 
Alexander polynomial and we will need an alternative definition of the signature at these points. 
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Definition 2.1. For a unit complex number uj which is not a root of the Alexander polynomial 
Ak, the uj-signature a u (K) is the signature (i.e. the sum of the signs of the eigenvalues) of the 
hermitian matrix 

P := (1 -u)V + (1 -uj)V t . 
If uj is a unit root of Ax, we define a^K) to be the average of the limit on either side. 

This concept was formulated independently by Levine |Lev69j and Tristram |Tri69j : hence the 
^-signature is sometimes called the Levine- Tristram signature. It is a generalisation of the usual 
definition of a knot signature, i.e. the signature of V + V T , which was developed by [Tro62[lMu r65j. 

The function is continuous as a function of uj except at roots of the Alexander polynomial . 
Since a u is integer- valued, this means that it is a step function with jumps at the roots of A^-. 

Definition 2.2. The jump function jx '■ [0, 1) — > Z of a knot K is defined by 
where = e 2m(x+£ ^ and £~ = e 2 ™(^) f or £ > q. 

Lemma 2.3. The jump function jjc and the w-signature a u (K) have the following properties. 

(1) ]k{x) = if e 2wix is not a unit root of the Alexander polynomial of K. 

(2) In particular, Jic(0) = and (T\(K) = 0. 

(3) a u {K) = <Ju(K) so j K {x) = - x). 

(4) a e 2irix(K) = 2 3K(y) if e 27rl:c is not a root of the Alexander polynomial of K. (Notice 

ye[o,x] 

that this is a finite sum because only finitely many of the jumps are non-zero.) 

It has been known for some time that the usual knot signature u—\ vanishes for slice knots |Mur65j 
and that it is thus a concordance invariant. The same is true for all the w-signatures (excepting 
the jump points). In fact, it turns out that the integral of the w-signatures is a special case of a 
more powerful invariant. 

Definition 2.4. An L 2 -signature (or p-invariant) of a knot K is a number p(M, (ft) G R associated 
to a representation <fi: m(M) — > T, where M is the zero-framed surgery on S 3 along K and T is a 
group. 

The precise definition is complicated and may be found in [COT031 Section 5]. L 2 signatures are, 
in general, very difficult to compute. However, if we pick a nice group for T then magic happens 
and we get an explicit formula: 

Lemma 2.5. |COT03t Lemma 5.4] When F = Z, we have that p(M, (ft) = J wgS i cr u (K), normalised 
to have total measure 1. 

Henceforth we shall refer to the integral of the w-signatures as the 1? signature of the knot. 
We end the section with a formula relating the I? signature of a knot to its jump function. 
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Lemma 2.6. Suppose that the unit roots of the Alexander polynomial of a knot K are u>k = e 2mXh 
for k = 1, . . . , n and x\ < ■ ■ ■ < x n . Then the L 2 signature of K is 

n— 1 i 



n It, ± V 

J ^ sl i=i k=l 



Proof. Let ^ be any unit complex number between ojk and ojk+i for k = 1, . . . n — 1. Then we have 
that 

n-1 

a u (K) = (x i+ i - Xi) 



I 

■J UJ 



where we multiply by (xj+i — Xj) because that is the proportion of the unit circle which has signature 



cj£.. We now use (1) and (4) of Lemma 2.3 to rewrite in terms of the jump function: 



ye[0,Xi] k=l 



Example 2.7. To illustrate the notation in Lemma 2.6 we shall calculate the L 2 signature of the 
knot K := 5i, otherwise known as the cinquefoil knot or the (2,5) torus knot. The Alexander 
polynomial of K is 

2 + 3 , +4 _ (l-t 10 )(l~t) 



i - 1 + tf - r + 1 



( l_ i 2 )(1 _ t 5) 

whose roots are the 10 th roots of unity that are neither 5 th roots of unity nor —1. This means that 
the roots are uik = e 2mXk where x\ = ^, X2 = ^5, £3 = jq and X4 = ^. 



Let £1 = es 7 ™, £ 2 = e m and £3 = es 7 ™. Computing the w-signature at these points gives us = — 2, 
crg 2 = —4 and a^ 3 = —2. We can thus draw the signature for every value on the unit circle: 
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We can now compute the L 2 signature to be 

2 4 2 

= —(-2) + — (-4) + — (-2) 
10 v ; 10 v ' 10 v ; 

12 

3. Torus knot signatures 

For coprime integers p and q, the (p, q) torus knot T Ptq is the knot lying on the surface of a torus 
which winds p times around the meridian and q times around the longitude. If p and q are not 
coprime, then T Pi<? is a link of more than one component. The Alexander polynomial of T p ^ q is 

- (i_tP)(i_ t? )- 

(A proof can be found in, for example, Lickorish |Lic971 pg 119].) The roots of this polynomial are 
the pq th roots of unity that are neither p th nor q th roots of unity. This gives us pq — p — q + 1 places 
at which the signature function could jump, namely e 2mn /Pi for neZ with < n < pq such that 
n is not divisible by p or q. 

The jump functions of torus knots have been investigated by Litherland [Lit 79] . His result is that 



j P ,q (J^) = \L(n)\ - \L(pq + n)\ 



where pq > n £ N and 

L(n) = | iq + jp = n, < i < p, < j < q} . 

Notice that if n is not a multiple of p or q then L(n) and L{pq + n) cannot both be nonempty. To 
see this, suppose that (ii, ji) G L(n) and j'2) G + n.). Then (12 — ii)g + (j2 — ji)p = PQ, 
and since p and g are coprime we must have i 2 = i\ (mod p) and 22 = Ji (mod g). But this forces 
i\ = i 2 and j\ = j'2, which is a contradiction. A similar argument shows that neither L(n) nor 
L(pq + n) can contain more than one element. However, at least one of the two sets is nonempty. 
For, we can write n = iq + jp with < i < p, and if j > then G L(n) whilst if j < we have 
(i,j + q) G L(pq + n). 

If n is a multiple of p or q then |-£(n)| = 1 = \L(pq + n)|. Putting these results together gives us 
the following. 

Proposition 3.1. The jump function of the (p, q) torus knot is 

f+1 if|L(n)|=l 

jp ' q \pq) = I" 1 if|L(n)l= ° 

if n is a multiple of p or g 

We need one more lemma before we are ready to find a formula for the L 2 signature. 
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Lemma 3.2. If p and q are coprime and 1 < n < pq — 1 with n not a multiple of p or q, then 
exactly one of n and pq — n can be written as iq + jp for i, j > 0. 

Proof. See, for example, |BR07, Lemma 1.6]. ■ 

Theorem 3.3. Let p and q be coprime positive integers. Then the L 2 signature of the (p, q) torus 
knot is 

(p-l)(p+l)(g-l)(g + l) 

°w = 5 ■ 

S i 3pq 

Proof. Denote the jump function of the (p,q) torus knot by j P g- The signature function at u can 
be defined as the sum of the jump functions up to that point (Lemma 2.3). If u n := e 2mx with 
x € fjL rtbl) then 

V pq ' pq / 



We can now use Lemma 2.6 to find a formula for the L~ signature in terms of the jump function. 

pq-l 



r . . 1 

(1) / ^ = 



n=l 

1\ / . /1\ . /2\\ /* 
/«/ \ ' ' \i>qj V ' ' V/'*// ' ' J ~' hq \PQ 



(3) = ™ ^« b r ™ ™ + " ' + Z) ^ 



2 P9_1 / n 

( 4 ) = (P5 - n) j p , q 



n=l 



Let S 1 be the set defined by 

In E {1, . . . ,pq — 1} I n = qx + py, < x < p, < y < g| 

Given an integer n G {1, . . . ,pq — 1} which is not a multiple of p or g, we can write n = qx + py 
with < x < p. By Lemma 3.2 , either n £ S or pq — n £ S. Proposition |3 . 1 1 tells us that in the first 
case we have j p ,q(n/pq) = 1, whilst in the second case we have j p ,q{n/pq) = — 1. If n is a multiple 
of p or q then the jump function will be zero and so it will not contribute to the sum. 

We may rewrite equation Q as 

<r w = — I y ](PQ - n) - V n I = — y ](pq - 2n) . 



Js 1 PQ 



£(w-n)-X>) =-£(»• 
Vnes nes / m neS 
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There are i(p — l)(qr — 1) points in 5, and in the paper by Mordell |Mor51] we find the following 
formula 

^2 n = -pq(p ~ - !) + T^(P - !)0? - + 1 + !) • 
Putting these together gives us 



cr,,, = — I > pa - '1 > /< 



'Si P9 



VneS neS 



= l(hp-l)( q - l) pq - 2 (\pq(p - l)(q - 1) + ~(p - l)(q - l)(p + g + T 
pq \2 \3 12 

1 / w s / 4 !/ 
= — (P-I)W-I) P9-rM-^ + ?+ 1 , 

p<? V 3 3 

= (P - 1)0? - l){pq+p + q + 1) 

= -^-(p-i)(9-i)(p + !)(« + !) 

■ 

Remark 3.4. That there is such a neat formula for the L 2 signature of a torus knot is all the more 
surprising considering the absence of an explicit formula for the usual signature <r_i of a torus knot. 
There is only the following formula due to Hirzebruch [Hir95| for p and q odd and coprime: 

o--i(r M ) = - ( (y ~ 1) 2 (g ~ 1) + 2(N M + N qiP ^j 

N Piq = #Ux,y)\l<x<^ L , l<y<^, -| <gx- ra < 0.1 

Further work was done by Brieskorn [Bxi66j and Gordon/Litherland/Murasugi [GLM8T] . but there 
appears to be no nicer formula for the signature of a torus knot. 



where 



4. Twist knots 

As an important corollary, we show that the twist knots K n are not slice. This was proved in the 
1970s by Casson and Gordon |CG86j but the following proof, which uses a result of Cochran, Orr 
and Teichner, is much shorter and simplerj^] 

Definition 4.1. The twist knots K n are the following family of knots: 



It is also an interesting historical point that Milnor used an early version of the (^-signatures to show that an 
infinite number of the K n are independent in the concordance group C Mil68]. 
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For example, K-\ is the trefoil, K\ is the figure-eight knot and K2 is Stevedore's knot 61. The 
knot K n is sometimes called the n-twisted double of the unknot. 

A Seifert matrix for K n is 



which gives the Alexander polynomial as —nt 2 + (2n + l)t — n. There is a class of twist knots (those 
for which n = m(m + 1) for some m) which are algebraically slice. This means that there is simple 
closed curve 7 on the Seifert surface F such that 7 is nontrivial in H\(F) and such that j + , which 
is the curve pushed off the Seifert surface, has zero linking with 7. The consequence of this is that 
all signatures and other known slice invariants vanish. The question is then: are these knots really 
slice? 

The following theorem shows us that one way of finding the answer is to consider the slice properties 
of the curve 7 rather than those of the original knot. 

Theorem 4.2 ( |CQT03] ). Suppose K is a (1.5)-solvable knot with a genus one Seifert surface 
F. Suppose that the classical Alexander polynomial of K is non-trivial. Then there exists a 
homologically essential simple closed curve J on F, with self-linking zero, such that the integral 
over the circle of the w-signature function of J (viewed as a knot) vanishes. 

Corollary 4.3. The twist knots K n are not slice unless n = or n = 2. 

Proof. The Alexander polynomial of K n is —nt 2 — (2n + l)i + n. If n < then A^- n has distinct 
roots on the unit circle and an easy computation shows that the signature is non-zero. If n > 
then Ax n is reducible if and only if An + 1 is a square. Since the Alexander polynomial of a slice 
knot has the form [FM66J, it follows that K n cannot be slice if An + 1 is not a square. 

Suppose An + 1 = I 2 with / = 2m + 1. Then n = m(m + 1). Using the obvious genus 1 Seifert 
surface F for i^ m ( m +i) it can be seen that the only simple closed curve on F with self-linking zero 
is the (m, m + 1) torus knot (see, for example, Kauffman |Kau87l Chapter VIII]). Since the L 2 
signature for any torus knot is non-zero (except for m = 0, —1, 1, —2) by Theorem |3.3[ this means 
that -f^ m ( m +i) cannot be (1.5)-solvable and therefore not slice unless n = or n = 2. ■ 

Corollary 4.4. Let K be a knot and D n (K) the n-twisted double (n 7^ 0) of K as shown in Figure 




2. 



(a) D n (K) cannot be slice unless n = m{m + 1) for some m £ Z and f sl u^-fT) 
In particular, D2{K) can only be slice if J sl cr^-fT) = 0. 



(m-l)(m+2) 
3 
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3 full twists 



Figure 2. The n- twisted double of the right-handed trefoil, 
(b) For any given K with f sl a u {K) ^ 0, there is at most one D n (K) which can be slice. 
Proof. The Alexander polynomial of D n (K) is once again — nt 2 — (2n + l)t + n and the same 



argument as in the proof of Corollary 4.3 shows that D n (K) is algebraically slice if and only if 
n = m(m + 1) for some integer to. (Notice that if n = then the Alexander polynomial is trivial 
and Dq{K) is slice by Freedman's work JFQ90 1 .) The zero-framed curve on the obvious Seifert 
surface is the connected sum of K and the (m, m + 1) torus knot, K#Tf m m+ u. If we denote the 
L 2 signature by s, we have 

s(i^#T m(m+1 )) = s(K) + s(T(m,m+l)) 

(m — 1)(to + l)m(m + 2) 



s(K) 
s(K) 



3m(m + 1) 
(to - l)(m + 2) 



By Theorem 3.3 D n {K) can only be slice if s{K) = ( m 1 )( m + 2 ) _ j n particular, if m = 1 or m = —2 



then T( mm+1 ) is the unknot and so s{K) must be zero for D2(K) to be slice. This proves (a). For 
(b), suppose that 3s(K) = (to— 1)(to+2) ^ 0. Rearranging, we get to 2 +to— 2— 3s(K) = 0. Suppose 
that mi and ni2 are roots. Then mi +m,2 = —1, so mi (mi + 1) = — (to2 + 1)(— vn-i) = m2(rri2 + 1), 
giving only one value for n. ■ 

In the paper |Kim05j Kim proves that for any knot K, all but finitely many algebraically slice 
twisted doubles of K are linearly independent in the concordance group C. Using our theorem we 
can conjecture that there is a much stronger result about the independence of the twisted doubles 
of K. 

Conjecture 4.5. For a fixed knot K, the D m (m+i) (-^ ) are linearly independent in C for all but 
one (or two, if J sl o~u(K) = 0) values of m(m + 1). 

The proof of this conjecture will require Theorem |4.2| to be extended to connected sums of genus 
one Seifert surfaces. 
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